Circularly-polarized extreme ultraviolet and X-ray radiation is useful for analysing the structural, electronic and magnetic properties of materials. To date, such radiation has only been available at large-scale X-ray facilities such as synchrotrons. Here, we demonstrate the first bright, phase-matched, extreme ultraviolet circularly-polarized high harmonics source. The harmonics are emitted when bi-chromatic counter-rotating circularly-polarized laser pulses field-ionize a gas in a hollowcore waveguide. We use this new light source for magnetic circular dichroism measurements at the M-shell absorption edges of Co. We show that phase-matching of circularly-polarized harmonics is unique and robust, producing a photon flux comparable to linearly polarized high harmonic sources. This work represents a critical advance towards the development of table-top systems for element-specific imaging and spectroscopy of multiple elements simultaneously in magnetic and other chiral media with very high spatial and temporal resolution.
C ircularly-polarized radiation in the extreme ultraviolet (EUV) and soft X-ray spectral regions has proven to be extremely useful for investigating chirality-sensitive light-matter interactions. It enables studies of chiral molecules using photoelectron circular dichroism 1 , ultrafast molecular decay dynamics 2 , the direct measurement of quantum phases (for example, Berry's phase and pseudo-spin) in graphene and topological insulators 3, 4 and reconstruction of band structure and modal phases in solids 5 . For magnetic materials, circularly-polarized soft X-rays are particularly useful for X-ray magnetic circular dichroism (XMCD) spectroscopy 6 , which enables element-selective probing as well as coherent imaging and holography of magnetic structures with nanometre resolution [7] [8] [9] . XMCD can also be used to extract detailed information about the magnetic state by distinguishing between the spin and orbital magnetic moments of each element. Thus, time-resolved XMCD can probe the element-specific dynamics of the spin and orbital moments when interacting with the electronic and phononic degrees of freedom in a material 10, 11 . Although ultrafast magnetic dynamics has been studied for 20 years 12 , the time resolution of XMCD remains >100 fs, limited by the pulse duration and timing jitter of synchrotron and free-electron laser pulses 13, 14 . To date, it has not been possible to simultaneously probe the spin dynamics of multiple elements within a single sample, because the photon energy must be tuned across the various absorption edges at large-scale facilities (where these experiments are currently performed). Table- top soft X-ray sources based on high harmonic upconversion of femtosecond laser pulses represent a viable alternative to large-scale sources for many applications, due to their unique ability to generate bright, broadband, ultrashort and coherent light with an energy spectrum reaching into the keV region 15 . High harmonic generation (HHG) not only enables coherent imaging of nanometre structures with a spatial resolution approaching the diffraction limit 16 , but also accesses the fastest dynamics in atoms, molecules, solids and plasmas with unprecedented time resolution [17] [18] [19] [20] [21] [22] [23] . The large bandwidth and short temporal duration of HHG makes it a versatile, element-specific probe of coupled spin, charge and phonon dynamics on ultrafast timescales. In the case of magnetic materials, recent work has shown that HHG can simultaneously probe the magnetic state of the 3d ferromagnets Fe, Co and Ni by taking advantage of the fact that the reflectivity near the M-shell absorption edges depends on the orientation as well as the magnitude of the magnetization 24 . This novel capability has made it possible to gain a new fundamental understanding about the timescale of the exchange interaction, as well as revealing the important roles of local spin scattering and non-local spin transport, all of which can occur on few-femtosecond timescales 25, 26 . The vast majority of HHG applications to date, however, have used linearly polarized light, which can be generated relatively efficiently.
For decades it was generally assumed that HHG from atoms is bright when both the driving laser and HHG fields are linearly polarized. The source of this misconception is that HHG is a re-collision phenomenon. A bound electron is ripped from an atom by the intense electric field of a driving laser pulse and then accelerated as a free electron until it re-encounters its parent ion 27 . For a linearly polarized driving field, the electron accelerates on a linear trajectory, and therefore easily re-collides with the parent ion. When driven by a slightly elliptical laser field, the electron has some probability of re-colliding with its parent ion due to lateral spreading (quantum diffusion) of the wavefunction in the continuum 28 . This results in the generation of slightly elliptically polarized high harmonics 29 . In contrast, for circularly-polarized driving lasers (or ellipticallypolarized lasers with a large ellipticity), the probability of re-collision and the emission of high harmonics is completely suppressed. Nevertheless, because of important applications in materials science, there was strong motivation to generate bright circularly-polarized high harmonic beams [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . The first experimentally measured circularly-polarized high-order harmonics were produced by converting the polarization of linearly polarized HHG to circular, using a reflective quarter-waveplate 33 . This approach is very lossy, is limited to narrow spectral regions constrained by the available multilayer mirror materials, and to date has not proven useful for applications. A direct approach for generating circularly-polarized HHG was suggested almost two decades ago 41, 42 and recently measured by Fleischer and colleagues 43 . In this scheme, circularly-polarized high harmonics are driven by co-propagating circularly-polarized bi-chromatic fields that rotate in opposite directions and interact with an isotropic gas. Notably, Fleischer and co-workers measured the ellipticity of weak harmonics generated from HHG in a thin gas jet, but not their helicity (that is, right-versus left-circular polarization).
In this Article we generate bright, phase-matched, circularlypolarized high harmonic beams for the first time, and then use this unique light source to implement the first table-top XMCD measurements. To achieve this, we first demonstrate (both experimentally and theoretically) that phase-matching of high harmonics driven by circularly polarized bi-chromatic waves differs significantly from all other approaches to phase-matching to date. Phasematching is more robust for circularly-polarized bi-chromatic drivers than for HHG with bi-chromatic linearly-or ellipticallypolarized drivers. Moreover, phase-matching can selectively enhance either left or right circularly-polarized harmonics, a critical feature for generating circularly-polarized attosecond pulses. Using this new understanding, we generate bright circularlypolarized high harmonics by co-propagating bi-chromatic driving laser beams (the fundamental and second-harmonic beams from a Ti:sapphire laser) that are circularly-polarized with opposite helicity in a gas-filled hollow waveguide (see Supplementary Section 6 for details on the important features of this source). We show that bright, circularly-polarized, high harmonics in Ne can span multiple M-edges of the 3d ferromagnets, and obtain a photon flux of ∼1 × 10 9 HHG photons per second per harmonic (Supplementary Section 5), which is comparable to the linearlypolarized HHG flux that was used very successfully in previous ultrafast element-selective magneto-optic HHG-based experiments [24] [25] [26] . Finally, we measure the circular dichroism of Co throughout the M-shell absorption edge spectral region. This measurement is also the first to measure the helicity of circularly-polarized high-order harmonic beams. In the future, the use of mid-infrared pump lasers should make it possible to generate bright circularly-polarized high harmonics at the L-shell absorption edges of Fe, Co and Ni, in a photon energy range approaching 1 keV (ref. 15 ).
Phase-matching of circularly-polarized HHG
We first describe the theoretical spectral and polarization features of our source driven by a left-rotating circularly-polarized fundamental beam at a central wavelength of 790 nm, and a right-rotating circularly-polarized second-harmonic beam (Fig. 1a) . We consider an idealized case in which the medium is isotropic and time-independent, and where the driving laser is perfectly periodic. Independently of the relative intensity or phase between the two pump fields, the bi-chromatic field, E BC (t), exhibits the following dynamical symmetry: E BC (t + T /3) =R (120 o ) E BC (t). T is the optical cycle of the fundamental laser andR (120 o ) is the 120 o rotation operator in the polarization plane. The emitted HHG field conforms to the same dynamical symmetry 30 . Thus, as can be verified by taking the Fourier transform of the dynamical symmetry constraint, the complex amplitude of each qth-order harmonic, E q , satisfies the following eigenvalue equation
The solutions of equation (1) are a left circularly-polarized field with eigenvalue e −2πi/3 and a right circularly-polarized field with eigenvalue e +2πi/3 . The left circularly-polarized qth-order harmonic,
, which is fulfilled only when q = 3m + 1. Similarly, the right circularly-polarized qth-order harmonic, E q,R , satisfies e −(2πiq/3) E q,R = e +(2πi/3) E q,R , which is fulfilled only when q = 3m − 1. Notably, q = 3m harmonics do not satisfy equation (1) and are therefore theoretically forbidden.
Phase-matching is essential for obtaining a bright and collimated high harmonic beam. In HHG with linearly-polarized bi-chromatic drivers, the phases and intensities of the emitted harmonics depend strongly on the relative phase between the chromatic drivers, due to the intrinsic phases of the rescattering electrons 44 . Consequentially, full phase-matching in this case requires that the two driver fields and the harmonic field propagate at the same phase velocity, a very challenging condition to satisfy. Fortunately, phase-matching of HHG driven by circularly-polarized bi-chromatic drivers is very different. In this case, the relative phase between the chromatic driver components does not influence the shape (rosette) of the bichromatic driver (see Supplementary Movie), and hence it also does not influence the path length of the re-colliding electron and the intrinsic phase it accumulates. Thus, phase mismatch of the process is determined only by the extrinsic phase, and is described by the 'ordinary' phase-mismatch equation in nonlinear optics: 
igure 1 | Pump symmetry and phase-matching condition for circularly-polarized HHG. a, The combined electric field of a left-circularlypolarized 790 nm driving laser beam (red) and a counter-rotating secondharmonic field (blue) is a threefold rosette shape (purple). The system has a discrete rotation dynamical symmetry of the light field, where a delay of T /3 acts as a 120 o rotation. This dynamical symmetry gives rise to circularly-polarized harmonics where harmonic orders q = 3m -1 rotate right and q = 3m + 1 rotate left. b, Calculated coherence length versus HHG order under phase-matching conditions that optimize the 28th harmonic. Phasematching of circularly-polarized HHG is helicity-selective, so HHG orders q = 3m + 1 (left-circular polarization, LCP) have a longer coherence length (better phase-matching) than q = 3m -1 (right-circular polarization, RCP). Reabsorption of high harmonics in the gas medium reduces the contrast arising from this effect, as detailed in Supplementary Section 1.
where k q , k 1 and k 2 are the wavevectors for the qth-order high-harmonic, fundamental and second harmonic beams, respectively, Δk is the phase mismatch of the upconversion process, and L c is the resulting coherence length. ℓ and m are the number of photons of the fundamental and second-harmonic pump beams, respectively, converted to a qth-order high harmonic photon. Conservation of energy and angular momentum impose that q = ℓ + 2m, and ℓ = m ± 1, respectively 43 . These conservations imply that left (right) circularly-polarized harmonics are generated from a combination of m second-harmonic photons and m + 1 (m -1) fundamental photons.
For simplicity, we associate k 1 and k 2 with the effective index change, Δn 1 and Δn 2 , respectively, defined as
, where λ i is the vacuum wavelength of the ith driver (i = 1 for the fundamental pump and i = 2 for the secondharmonic pump). Thus, we can rewrite equation (2) in the form:
where the + and -signs correspond to the q = 3m + 1 and q = 3m -1 groups of harmonics, respectively. The factor ±Δn 1 leads to a large difference in the coherence lengths between the combs of left and right rotating circular harmonics. Physically, this difference reflects the different ratios between the fundamental and second-harmonic photons, (m + 1)/m and (m − 1)/m, which participate in the generation of left and right circularly-polarized harmonics, respectively. Figure 1b presents numerical results for the phase-matching of circularly-polarized HHG. The coherence lengths shown in Fig. 1b are calculated for Δn 1 and Δn 2 that optimize phase-matching for the 28th harmonic. As expected, the q = 3m + 1 harmonics are brighter (i.e. better phase-matched to the bi-chromatic pump) than the harmonics with opposite helicity. Notably, to implement phase-matched HHG frequency upconversion, the ionization level of the gas must be below a critical value, η cr (ref. 45 ). For HHG with a circularly polarized bi-chromatic driver, η cr has a value between the critical ionization for HHG driven by the fundamental or second harmonic, separately (Supplementary equation (S.3)). This also results in a phase-matching cutoff photon energy that is somewhere between the cutoff corresponding to the fundamental and second harmonic, separately. Finally, we note that our model does not include the HHG intensity-dependent phase, through which the temporal envelope of the pump pulse affects the instantaneous phase mismatch. However, the dependence of the harmonic phase on the intensity of the bi-chromatic pump laser is weak 38 . Figure 2 presents a schematic of the experimental apparatus. A Ti:sapphire oscillator is used in combination with a single-stage regenerative amplifier, delivering sub-45 fs pulses at a repetition rate of 4 kHz, which are centred at a wavelength of 790 nm (red), with an energy of 2.5 mJ per pulse. After frequency-doubling the laser beam in a β-phase barium borate (BBO) crystal, the bi-chromatic co-propagating driving fields are separated by a dichroic mirror (DM) into two different arms of a Mach-Zehnder interferometer. An optical delay stage in the red arm compensates for the relative time delay between the two colours, and the polarization of each arm is fully controlled by a pair of half-and quarterwavelength retardation plates. The red (1.6 mJ/pulse) and blue (0.43 mJ/pulse) driving lasers are focused into a 150-µm-diameter, 2-cm-long gas-filled hollow waveguide using lenses with focal lengths of 50 cm and 75 cm, respectively. The circularly-polarized HHG beam that emerges from the waveguide then passes through an Al filter to block the pump laser beams. In the first experiment, the HHG beam was spectrally dispersed using a spectrometer composed of a toroidal mirror, a laminar Au grating with a groove density of 500 lines/mm and a charge-coupled device (CCD) camera. In the second experiment, the HHG beam passed through a magnetized 100-nm-thick Co foil tilted by 45°with respect to the harmonics beam before entering the spectrometer. The magnetization of the Co foil was controlled by an external electromagnet that produced a magnetic field of ∼4. Circularly-polarized harmonics are generated by focusing fundamental and second-harmonic pump beams (with opposing helicities) into a gas-filled hollow waveguide. The polarization states of the two drivers can be adjusted independently, thereby controlling the helicity of the generated harmonics. The magnetic state of a sample can then be measured with elemental specificity via XMCD by using harmonics that overlap with an appropriate core-level absorption edge, for example, the M-edge of Co. Right inset: helicity selectiveness for phase-matching of circularlypolarized HHG, where left-rotating harmonics (q = 3m + 1) and right-rotating harmonics (q = 3m -1) cannot be phase-matched simultaneously. In other words, if the q = 3m + 1 harmonics are phase-matched with the pump lasers, then the q = 3m -1 harmonics are mismatched by Δk. Left inset: typical experimental spectrum recorded on the CCD. magnet was synchronized to the spectrometer readout, so that we were able to acquire the transmitted HHG spectrum for two ('up' and 'down') magnetization directions. The normalized difference of these two spectra constitutes the XMCD asymmetry. Positioning the ferromagnetic sample at 45°to the HHG beam allowed observation of XMCD of a sample magnetized in plane 46 .
We first discuss the brightness, spectrum and polarization of the EUV light produced by this novel HHG source. Figure 3a presents the observed HHG spectrum when the hollow waveguide was filled with Ar gas at a pressure of 100 torr (13 kPa), with the driving laser beams blocked by Al filters of ∼800 nm thickness. Figure 3b displays the observed HHG spectra from 650 torr (87 kPa) of Ne and 70 torr (9 kPa) of N 2 using 400-nm-thick Al filters. Clearly, the q = 3m harmonics are almost completely suppressed over the entire observed HHG spectra for all gas species. This feature indicates that the polarization of the harmonics is nearly circular 43 . Figure 3c and 3d, present, respectively, experimental and simulated pressure-dependent spectrograms of HHG emission from a Ne-filled hollow waveguide (see Supplementary Section 3 for details). Two features are worth mentioning. First, the 3m HHG orders are suppressed throughout the pressure range, reflecting the single-atom dynamical symmetry described in equation (1) . Second, the intensity of the plateau harmonics dramatically increases at pressures above 100 torr (13 kPa), indicating that they are phasematched throughout this pressure range. However, the cutoff harmonics are phase-matched within a narrower pressure range, as marked by yellow dashed lines. This effect, which also exists in HHG from linearly-polarized driving fields 45 , results from two complementary effects. First, a larger effective index change, |Δn 1 |, |Δn 2 |, is required for phase-matching higher-order HHG. Thus, deviation from perfect phase-matching in equation (2), say 1% of Δn 1,2 , affects the absolute value of the coherence length L c more drastically. Second, the longer reabsorption length of higher HHG orders in Ne 47 makes the phasematched throughput even more sensitive to imperfect phase-matching conditions. Notably, reabsorption of the high harmonics in Ne limits the distinction between full and partial phase-matching. Therefore, the output flux contrast between one perfectly phasematched harmonic (e.g. 28th order in Fig. 1b ) and the rest of the 3m + 1 harmonic orders is insignificant. Most importantly, the current flux of circularly-polarized photons produced by our scheme is sufficient for application experiments such as XMCD, as described in the following section. 
Magnetic circular dichroism
To demonstrate the utility of this table-top HHG source with circularly-polarized EUV light for probing magnetization, we measured XMCD of a freestanding thin Co foil. The imaginary (that is, absorptive) part of the refractive index n for light propagating in a magnetically saturated film is given by Im[n] = β ± Δβ where β is the average absorption coefficient and Δβ is the dichroic absorption coefficient for circularly-polarized light, where the (±) marks the absorption difference for left-versus right-circularly polarized EUV photons 46, 48 . The dichroic absorption scales linearly with the component of the magnetization parallel to the direction of light propagation. For example, the absorption coefficient of a sample with magnetization M that is below its saturation value M sat , pointing at angle θ with respect to the beam direction, is (M /M sat ) cos θ · Δβ. However, XMCD requires a bright circularlypolarized soft X-ray source, because the non-dichroic absorption coefficient is approximately ten times larger than the dichroic coefficient, leading to strong average absorption that far exceeds the dichroic signal.
We measured the HHG spectrum after passing through a magnetized Co foil, as shown in Figs 2 and 4 . Figure 4a presents the transmitted spectrum, I up and I down , for 'up' and 'down' Co magnetization, respectively. The normalized XMCD asymmetry, A = (I up − I down ) / (I up + I down ) is shown in Fig. 4b . The asymmetry of the 3m + 1 and 3m -1 harmonics exhibits opposite signs, proving that the helicity of the 3m + 1 harmonics is indeed opposite to that of the 3m -1 harmonics.
Finally, we used the measured XMCD asymmetry to extract the magneto-optical (MO) dichroic absorption coefficient, Δβ, for Co. The MO dichroic absorption coefficient is given by Δβ = tanh −1 (A)/(2|k 0 | cos θL), where k 0 is the light wavevector, L is the optical path length in the sample and θ is the angle between the sample magnetization and beam propagation direction 46 . Because the sample magnetization is tilted by 45°, the optical path is 2 √ times the sample thickness d, and cos θ = 1/ 2 √ , the MO dichroic coefficient is simply Δβ = tanh −1 (A)/(2|k 0 |d). Our results for Δβ are presented in Fig. 4c . For each HHG order, we estimate Δβ from a weighted average over a harmonic peak, without any adjustable fitting parameters, where the error bars are the standard deviation over the same harmonic. The MO coefficient measured by the left circularly-polarized 3m + 1 harmonics matches measurements that were taken using synchrotrons 48 , indicating that their polarization is circular (see Supplementary Section 7 for quantitative analysis of Stokes parameter). However, the low intensity and low MO dichroic absorption coefficient measured using the right circularly-polarized 29th, 32nd and 35th harmonics (corresponding to the 3m -1 group) at 45 eV, 50 eV and 55 eV, respectively, indicate that their polarization is elliptical with an ellipticity of ∼0.2. We associate the asymmetry between the right and left high harmonics with the fact that the rosette-shape bi-chromatic driving laser induces electronic rotating current in the atoms, influencing both the single-atom HHG process 49 and HHG re-absorption. Interestingly, the XMCD measurement also shows that the polarization of the significantly suppressed 3m harmonics is also chiral, with the same helicity as the 3m + 1 harmonics. This observation agrees with the numerical calculations presented in ref. 43 ( Figs 3c and 3f ) , where the polarizations of the bi-chromatic drivers deviate from perfect circularity.
Conclusions and outlook
We have demonstrated the first bright, phase-matched source of circularly-polarized high harmonics and also the first M-edge X-ray magnetic circular dichroism measurements of magnetic materials on a table top. Our HHG source produces a broad spectrum of bright circularly-polarized harmonics, where consecutive harmonics exhibit opposite helicity, and where phase-matching considerations are robust and favour one helicity over the other. This work removes a major constraint to date-that the polarization of bright high harmonics sources is limited to linear polarization-and therefore paves the way for ultrafast circular dichroism studies of magnetism, chiral molecules and nanostructures, as well as for exploring the interaction of atoms with chiral EUV fields. In combination with coherent diffraction imaging techniques, this advancement will also enable the exploration of coupled spin, charge and structural dynamics of magnetic domains with elemental specificity and unprecedented spatial and temporal resolution. The temporal resolution of a measurement using a single harmonic from our system would be in the range of 45 fs (determined by the pump and the harmonic bandwidth). To access the attosecond regime in chiral experiments, interaction with several helical harmonics that rotate in the same direction (and therefore form a helical attosecond pulse train) is required. The chirality-selective phasematching can very nicely enhance only harmonics with a specific helicity, thereby producing circularly-polarized attosecond pulses. Our source might also be used for seeding X-ray free-electron lasers to obtain ultra-bright circularly-polarized X-rays 50 . Finally, the scheme we use is universal, and can be used to generate circularly-polarized high harmonics across very broad spectral regions, for example, through quasi phase-matching of the HHG process, by using mid-infrared driving lasers 15 or by using other nonlinear media.
Phase matching of circular HHG
Full phase matching of a nonlinear process corresponds to where the coherence length of the process diverges; i.e. when the right hand side of Eq. (3) equals zero. To make this possible, the effective index changes, Δ 1 and Δ 2 , must have opposite sign. Furthermore, only one harmonic order can be fully phase matched for a given effective index ratio of the two colors Δ 2 /Δ 1 . In order to phase match the harmonic order = 3 ± 1, the effective index ratio should be - Here, i=1 for the fundamental and i=2 for the second harmonic driver, 11 is the modal factor 2 ,
is the inner radius of the hollow waveguide, and are the wavelength and wave-vector of i th field, is the gas pressure in atmospheres, is the ionization fraction, is the classical radius of the electron, is the number density of atoms at atmospheric pressure, and is the index of refraction of the gas for wavelength at atmospheric pressure. The modal term, 11 2 2 /8 2 2 , and the plasma term 2 /2 , contribute negatively to Δ , mainly to the fundamental driver, 1 , while the normal refraction of the neutral gas, ( − 1), contributes positively to Δ , mainly to the second harmonic field, 2 . Since full phase matching requires that Δ 2 /Δ 1 < 0, it is achievable when Δ 1 (long wavelength) is negative and Δ 2 (short wavelength) is positive.
Generation of bright phase-matched circularly-polarized extreme ultraviolet high harmonics
The gas pressure in which high harmonics are generated acts as a continuous knob to control the HHG phase matching. At zero pressure, the effective index ratio is Δ 2 / Δ 1 = 1/4, where both Δ 2 , Δ 1 are negative due to modal term, 11 2 2 /8 2 2 . Pressurizing the hollow waveguide with a weakly ionized gas contributes positively to Δ 2 , more than to Δ 1 , so high enough gas pressure can make Δ 2 /Δ 1 < −0.5, as required for phase matching of high order harmonics. Tuning the pressure, therefore, selects the HHG order to be phase matched according to Eq. (S.1) and (S.2). However, re-absorption of HHG in the gas reduces the contrast between the optimally phase matched harmonic (e.g. 28 th order in Fig. 1b) and other harmonic orders.
Figure S.1 plots the coherence length vs. the absorption length of few HHG orders in Ne for a 1% ionization level. When the ratio of coherence length, , to absorption length, , is above 6 (see dashed line), the HHG flux is 90% of the fully phase matched case, and the emission is effectively phase matched. The low order HHG (19 th and 20 th ) increase at pressures around 100 Torr and are phase matched up to far above 1000 Torr, whereas the high order harmonics (40   th   and 41 st ) are phase matched in a narrower pressure range. The pressure dependent spectrograms in Fig. 3c (measured) and Fig. 3d (theory) agree with this description, although the calculation takes into account additional effects, such as the HHG source density (i.e. gas density) and parasitic re-absorption in residual gas downstream from the phase matching region (details below). This critical ionization differs from critical ionization of HHG driven with single laser field 2 . For HHG driven by one field in a large focus geometry, the critical ionization level is independent of the pressure, and occurs when the dispersion of the neutral atoms and plasma balance each other. (In a waveguide, the value of the critical ionization is reduced slightly below that of a large focal geometry, due to the presence of waveguide dispersion). In contrast, circularly polarized HHG driven by bi-chromatic fields requires that Δ is nonzero: Δ 1 should be negative and Δ 2 positive. Since optimal Δ 1 is negative and Δ 2 is positive, is larger for bi-chromatic circular driver, than for HHG driven with the fundamental only, but smaller then HHG driven by the second harmonic only.
Numerical procedure for a pressure dependent spectrogram
Simulating the single atom response to the driving bi-chromatic field is the principal step for calculating pressure dependent HHG emission. We approximate the atom as a binding potential and a single, spin-less electron, and solve the Schrödinger equation in three spatial dimensions iteration uses a different phase between the fundamental and second harmonic drivers. The phase for the h th iteration is 2,ℎ = 2 ℎ/100, where ℎ=1,2,3…100, and the calculated HHG emission is assigned to an atoms positioned at ℎ = 2,ℎ [2 0 (Δ 1 − Δ 2 )] −1 . The effect of the fundamental driver phase velocity is accounted for once the single atom emission, ⃗⃗ ,ℎ ( ), is done. Since the fundamental phase velocity in the gas filled waveguide (Eq. (S.2)) differs from free space propagation, it requires additional time, Δ 1 ℎ / , to reach the atom at ℎ . Therefore, the emission at ℎ is delayed from the calculated emission, and is given by ⃗⃗ ,ℎ ( − Δ 1 ℎ / ).
The macroscopic HHG phase matched signal is a coherent sum of the single atom emissions that undergo partial re-absorption in the gas. At the end of the phase matching region, , the
, where is the absorption length of the HHG in the gas. The gas pressure, P, is inserted to the calculation to account for the density of HHG emitters. Upon exiting the phase matching region, the HHG field can undergo additional parasitic re-absorption in the neutral gas. This is simulated by adding absorption from a 150 layer of the gas at pressure P. The pressure-dependent spectrogram in Fig. 3d is calculated by repeating the above for multiple pressure of Ne gas at an ionization fraction = 1.2%.
Dynamics of circularly polarized, counter rotating bi-chromatic field
The polarization of the light field is usually described by its Lissajous curve, that is, the electric field of circular, elliptical, and linear polarization follows a circle, ellipse and a line, respectively. In that sense, the polarization of a circularly polarized, counter rotating bichromatic field composed of a fundamental field at 790 nm and its second harmonic has a 3-fold "rosette" shape polarization, as described in Fig. 1a in the text. To better illustrate the dynamical aspect of this rosette polarization we attach a movie showing the fundamental driver (red) second harmonic driver (blue) and the resulting field of the bi-chromatic driver (purple). (See supplementary movie)
Calculating and comparing the photon flux of circular and linear polarized harmonics.
To determine the feasibility of future XMCD pump-probe experiments using a source of circularly polarized high harmonics, we have calculated the absolute flux contained in a single circular-polarized harmonic at the Co M-edge below 60 eV and compared it with the flux obtained in previous ultrafast element-selective HHG experiments exploiting the transversal magneto-optical Kerr effect (T-MOKE) in reflection using linear polarized harmonics [3] [4] [5] [6] [7] . To this end, we have simulated the transmission as well as reflection properties of our EUV beamline components taking into account the efficiency of our CCD camera. Specifically, we have used the RAY simulation software package that is a powerful design tool developed at BESSY for synchrotron radiation beamlines 8 . Moreover, we have calibrated the efficiency of our CCD detector according to the procedure recommended by the manufacturer.
As schematically depicted in Fig. 2 of the main article, the harmonics emerging from our waveguide pass through a 200 nm thick Al filter (with a 5 nm thick Al2O3 layer) and the 100 nm thick Co film, which is tilted by 45° with respect to the HHG beam, before entering our spectrometer. The spectrometer consists of a toroid mirror (glass substrate coated by 100 nm of B4C and tilted at a grazing angle of 8°), a laminar gold grating patterned on top of Si substrate (with a groove density of 500 lines/mm, a groove depth of 20 nm and which is mounted at a grazing angle of 12°), two 200 nm thick Al filter (each of which having a 5 nm thick Al2O3 layer) and a CCD camera (Andor -Newton DO-920). As can been seen in Fig. S.2 , this combination of components results in a theoretical throughput of 10 -5 -10 -4 EUV photons in the vicinity of the Co M-edge at 58 eV. This is comparable to the efficiency of previously reported measurements in the T-MOKE geometry.
Figure S.2 | Efficiency comparison of T-MOKE and XMCD HHG EUV beamlines
In this spectral region, the CCD chip of the camera has a quantum efficiency of about 30%, i.e. about every third photon is absorbed by the back-thinned Si chip. Each absorbed photon with an energy of 55eV generates approximately 55/3.65 photoelectrons or 55/45.63 counts using the standard gain setting of our camera. Taking into account the simulated efficiency of our XMCD (T-MOKE) beamline of about 4•10 -5 (1.5*10 -5 ) and the fact that we observe around 10 6. Useful features of circular HHG using a counter-rotating bi-chromatic field. We generate bright circularly polarized harmonics by co-propagating bi-chromatic 790 nm and 395 nm ( and 2 driving laser beams with counter-rotating circular polarization [9] [10] [11] . This approach has several useful properties that are beneficial for applications. First, the conversion efficiency to circularly polarized high harmonics is comparable to the conversion efficiency of traditional HHG, where linearly polarized driving lasers produce linearly polarized high harmonics (see Fig. S.2 in Ref  11 ) . Second, the generated spectrum consists only of circularly polarized harmonics. Third, consecutive harmonics exhibit opposite helicity. Fourth, the circular-polarization of the harmonics is manifested in the high harmonic spectrum due to angular momentum conservation rules: thus, it is not essential to directly or continuously monitor their polarization. As explained below, when the bi-chromatic driving lasers consist of the fundamental and second harmonic frequencies, absence of the 3m th harmonics (m=1,2,3…) indicates that the polarizations of 3m+1 and 3m-1 harmonics are circular with helicity that correspond to the polarization of the fundamental and 2 nd harmonic fields, respectively. Fifth, the polarization of the generated harmonics is largely insensitive to the intensities and intensity ratio between the bi-chromatic driving lasers. This is an important feature because both the intensity of, and the intensity ratio between, the two driving fields can vary within the focal spot and along the direction of propagation. Also, this feature is important for the robustness of the method to misalignment and instability of the driving fields. Sixth, as shown below, the generation process can be fully phase matched. Finally, the mechanism for producing circularly polarized harmonics in this direct approach is based only on the circular polarization of the driving pulses and is otherwise insensitive with respect to the nonlinear medium and other properties of the driving laser beams. Thus, we expect that many experimental applications that were implemented using linearly polarized HHG can be directly transferred to circularly polarized harmonics. For example, we expect that the use of long-wavelength bi-chromatic driving lasers will extend bright circularly-polarized HHG into the keV region, which will span the water-window region as well as the magnetically sensitive L-shell absorption edges of the 3d ferromagnets 12 .
Degree of circular polarization
The 4 Stocks parameters 13 0 , 1 , 2 , 3 fully characterize the polarization state of light: the 0 th parameter 0 measures the overall radiation intensity, 1 and 2 measure the degree of linear polarization and its orientation and 3 , measures the degree of circular polarization and helicity. More accurately, the degree of circular polarization is given by 3 normalized by the total intensity 0 and has the form where is the intensity of the right-rotating circularly-polarized component of the light and is the intensity of the left-rotating circularly-polarized component. Usually one records , by measuring the intensity passing through a polarizer that transmits pure circular polarization with right or left helicity, respectively. Measuring 3 / 0 = 1 indicates pure right-rotating circularly-polarized light (RCP) while measuring 3 / 0 = −1 corresponds to pure leftrotating circularly-polarized light (LCP).
The XMCD measurement that we conducted within this work retrieves the degree of circular polarization in the spectral region where Co is active magneto-optically. Incident light on the Co foil can be decomposed into RCP light of intensity and LCP light of intensity . The light intensity transmitted through the Co sample with "up" or "down" magnetization depends on the MO constant Δ 14 , the light wave vector ⃗⃗ 0 and the sample thickness Furthermore, at the 37 th HHG order (58 eV) the MO coefficient, Δ , nullifies so eq. S.6 diverges and 3 / 0 cannot be retrieved. 
